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00 

' We construct forests that span Z'*, d > 2, that are stationary 

and directed, and whose trees are infinite, but for which the sub- 
trees attached to each vertex are as short as possible. For d > 3, two 
independent copies of such forests, pointing in opposite directions, 
can be pruned so as to become disjoint. From this, we construct in 
^ ' d > 3 a stationary, polynomially mixing and uniformly elliptic envi- 

I ronment of nearest-neighbor transition probabilities on Z'', for which 

the corresponding random walk disobeys a certain zero-one law for 
directional transience. 



X 



1. Introduction. Let d> 2 and let a : Z*^ ^ Z*^ be a random function for 



(N 

> , 

, which X and a{x) are always nearest neighbors. If a{a{x)) ^ x for all x and 

^ ' the set Fa = {{x, a{x)}\x S Z"^} of edges defines a forest in Z*^ [i.e., the graph 

*^ . (Z*^, Fa) does not have cycles], we call such a random function a an ancestral 

I function. In particular, if a is an ancestral function, then each connected 

' component of Fa is infinite and we can interpret o(x) as the parent or 

. immediate ancestor of x. The nth generation ancestor of x, n> 1, is denoted 

1^ I by a"-{x) = a(a"~^(x)), where a^{x) =x. Then, Ray(x) = {a"(x)|n > 0} is 

' the set of ancestors of x, including x itself, whereas Tree(rc) = {y G Z'^\x = 

a'^iy) for some ?i > 1} is the set of progeny of x. The length of the longest 
branch in Tree(2;) is defined as 



(1) /i(x) =sup{n>0|x = a"(y) for some yGZ'^}, x&X^. 
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In this paper, we study the tail behavior of h{0) for such forests Fa that 
are also stationary with respect to the translations of the lattice Z*^ [that 
is, the collection (a(x) — x)^^^^'' is stationary]. The proof of the following 
theorem is easy. 



Theorem 1. There is a constant ci > that depends only on d> 2, 
such that for all stationary ancestral functions {a{x))^ 

(2) liminfn'^-^P[/i(0) > n] > ci. 



Here and throughout the paper, P will denote the probability measure of 
the underlying probability space. The corresponding expectation operator 
will be denoted by E. 

An ancestral function {a{x))^^i<i is directed if for some z G {±1}'^, a{x) — 
X € {ziCili = 1, . . . , d} for all x G Z'', P-a.s., where ei, . . . , denote the stan- 
dard basis vectors of M'^. We then refer to z as the direction of a (or of the 
corresponding forest). Perhaps the simplest example of a stationary directed 
forest spanning Z'^ is given in the following example. 

Example 1. Define a(x) = x + i{x), where i(x), x G Z'^, are independent 
random variables with ¥[i{x) = ej] = l/d for j = l,...,d. This defines a 
directed forest that spans Z'^. Part of such a forest is shown in Figure 1(a), in 
d = 2. (It is not difficult to show that, in d = 2, the forest consists of a single 
tree, P-a.s.; see [9].) It follows from the discussion in [9], page 1730, that 
Tree(O) is enclosed by two directed simple symmetric random walk paths 
on the dual lattice that are independent of each other until they meet. So, 
P[/i(0) > n] > C2n~^/^ for some C2 > and all n > 1. (Neither this last fact 
nor Example 1 is used in the sequel, except as motivation.) 



Example 1 might suggest that trees in stationary spanning forests need 
to be longer than suggested in Theorem 1, that is, that the rate of decay 
given in Theorem 1 is not optimal. However, this is not the case, as is shown 
by the following result. 



Theorem 2. For each d>2, there is a stationary and directed ancestral 
function {^{x))^^^,'' ^^^^ ^■^ polynomially mixing of order 1 and for which 

(3) limsupn'^^^P[/i(0) > n] < oo. 



Here, we are using the following notion of mixing. 
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Definition 1. Let b= {b{y))y(zid be a family of random variables on 
some common probability space. For G C IJ^, define the collections of real- 
valued random variables 

(4) M^Q = {/: I/I < 1,/ is measurable with respect to a{b{y),y G G)}. 

For a given 7 > 0, b is polynomially mixing {of order 7) if for all finite 

sup sup |sP| cov(/, g)| < 00. 

Our motivation for studying the above growth properties of random forests 
in Z"' was our desire to investigate possible extensions of a conjectured 0-1 
law for random walk in a random environment (RWRE). We proceed to 
introduce the RWRE model. 

For d > 1 , let 5 denote the set of 2(i-dimensional probability vectors and 
set Q, = . We consider all lo ^Q, written as w = {{uj{x,x + e))\f,\=i)x£Z''-^ 
as an environment for the random walk that we define next. The random 
walk in the environment oj, started at z G Z'^, is the Markov chain (X„)„>o 
with state space Z'^, such that Xq = z, and whose transition probabilities 
satisfy 

(5) P^{Xn+i=x + e\Xn = x)=Lo{x,x + e) for e e Z"* with |e| = 1. 

An environment u> is called elliptic if aj{x,x + e) > for all x,e G Z*^ with 
|e| = 1. A random environment to is called uniformly elliptic if there exists 




(a) 



1 1 1 1 J 1 1 1 1 
(b) 



Fig. 1. (a) Example 1. (b) Part of the forest constructed ford = 2 in the proof of Theorem 
2. Note the long straight branches in the latter case. 
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a so-called ellipticity constant k > 0, such that ¥[uj{x,x + e) > k] = 1 for 
all x,e£Z'^ with |e| = 1. (See [6] and [8] for an introduction to the RWRE 
model and its properties.) 

One of the major open questions in the study of the RWRE concerns the 
so-called 0-1 law. Fix a vector i (^W^, £ ^ 0, and define the events A^{i) 
and A_{e) by 



It has been known since the work of Kalikow [2] that if the random vectors 
uj{x, X £ Z*^, are i.i.d. and uj is uniformly elliptic, then 



This was extended in [9], Proposition 3, to the elliptic i.i.d. case. 

The 0-1 law conjecture for RWRE states that if uj{x, •), x G Z'^, are i.i.d. 
and UJ is uniformly elliptic, then, in fact. 



(The origin of this conjecture is a bit murky. For (i= 1, it is a consequence 
of the law of large numbers in [5]. Kalikow [2] presented it as a question 
in d = 2; that case was settled only recently in the affirmative in [9]. The 
conjecture has since become folklore and is mentioned, e.g., in [7]. Although 
the question has arisen whether (6) holds for elliptic i.i.d. environments or 
for uniformly elliptic ergodic environments, we state the conjecture here in 
the weaker form, that is, for uniformly elliptic i.i.d. environments. For d>3, 
this is still an open problem.) Recently, it has been shown that the law of 
large numbers for the RWRE follows from (6) for i.i.d. environments [10], 
and for a class of Gibbsian environments [3]. 

When d = 2 and the environment is elliptic and i.i.d., (6) was proved in [9], 
using techniques that do not extend to higher dimensions. The same paper 
provides an example, based on a construction of a forest that spans Z^, of 
an elliptic, ergodic environment, where (6) fails. However, this environment 
is neither uniformly elliptic nor mixing (in the ergodic theoretic sense), and 
not even totally ergodic, and thus the results in [9] do not contradict the 
validity of (6) for uniformly elliptic, mixing environments. (See [4], page 21, 
for the definition of total ergodicity.) 

Our attempts to address the validity of (6) in this last setting led to the 
tree tail estimates discussed in Theorem 2. Employing these bounds, we 
construct a counterexample to (6), in d > 3, with a stationary, uniformly 
elliptic and polynomially mixing environment. 

Theorem 3. For d> 3, there is a probability space (with probability 
measure ¥) that supports a stationary, uniformly elliptic and polynomially 




E[P^[A+{i)uA.m(^{OA}- 



(6) 



[A+m^m}- 
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mixing family lu = {uj{x))^^^d, such that for some constant c> and F-a.a. 
realizations ofco, 



(7) K 



lim inf — - — > c 



Here, 1 = ei + • • • + e 



> and P] 



lim inf — - — ^ ^ > c 



n 



>0. 



We outline how we use the spanning forest constructed in Theorem 2 to 
obtain Theorem 3. The counterexample in [9] was based on constructing 
two disjoint directed trees in 1? with opposite directions z = 1 and z = —1, 
and adjusting the transition probabilities of the RWRE on each edge that 
belongs to one of the trees, so that the drift at x toward the ancestor a{x) 
increases as a function of h[x). By appropriately choosing the rate at which 
the drift increases, one can ensure that the RWRE, when started on one of 
the trees, remains on it forever with positive probability, while progressing up 
its ancestral line. Because of this, the uniform ellipticity of the environment 
cannot be maintained. 

When trying to restore uniform ellipticity to the environment, a natural 
idea is to add "insulation" around each of the directed trees. The insula- 
tion should allow one to specify a uniformly elliptic environment that, with 
positive probability, forever traps the walker near the tree. Of course, this 
implies that the insulation must grow as one progresses up the ancestral 
line. To leave room for two directed trees pointing in opposite directions 
to have nonoverlapping insulation, one needs for the trees not to be "too 
large." When quantifying the notion of "large" needed, one is naturally led 
to study the random variable h{x) in (1). 

The rest of the paper is organized as follows. Theorems 1 and 2 are proved 
in Section 2. In Section 3 we prune the forest obtained in Theorem 2 to make 
room for an independent copy of it with the direction z reversed and then add 
insulation to be able to obtain uniform ellipticity of the environment of the 
RWRE later on. Geometric properties of insulated rays are investigated in 
Section 4. In Section 5 we equip each such insulated ray with an environment 
LO that traps the RWRE with positive probability. These environments are 
patched together in Section 6 to complete the proof of Theorem 3. After a 
short discussion of open problems in Section 7, we prove in the Appendix 
the mixing properties stated in Theorems 2 and 3. 

We conclude the Introduction with some conventions and notation. The 
p-norm, p G [1, oo] (on either or Z*^), will be denoted by | • |p. Most of the 
time, we will use the 1-norm, in which case we will drop the index 1 from 
I • |i. The metric d{-,-) will always refer to | • |, and B{x,r) [resp. Boo{x,r)] 
denotes the closed | • | ball (resp. | • |oo ball) of center x and radius r in 
Z'^. The collection of strictly positive integers will be denoted by N and the 
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cardinality of a set A will be denoted by #A. Throughout the paper, q, 
2 = 1,2,3, ... , will denote strictly positive and finite constants that depend 
only on d and /?, where /? is introduced in (24). 

2. Spanning Z'^ with short trees. In this section we provide the proofs 
of Theorems 1 and 2. We begin with the easy proof of Theorem 1. 

Proof of Theorem 1. Choose ci > such that for ah n > 1, 
ci#{x e Z'^\\x\ = n} < n'^-'^ . 
Since {a{x))^^2^d is stationary, so is {h{x))^^^d and, therefore, 

(8) n'^~^P[/i(0) > n] > ci ^ ¥[h{x) > n] for n > 1. 

\x\=n 

If X is an ancestor of 0, then h{x) > \x\. Consequently, the right-hand side 
of (8) is at least 

ci J2 lP[2;GRay(0)] =ciE[#{xGRay(0)||x| =n}] >ci, 

\x\=n 

where the inequality holds since Ray(O) contains at least one x with |x| = n. 
The bound (2) follows. □ 

The remainder of this section is devoted to demonstrating Theorem 2. 
We begin with the construction of the ancestral function a referred to there. 
Fix 7rf > such that for all n > 1 , 

(9) #{xGN'^||x| =n}>7rfn'^-\ 
Also, let 77-0 G N and be finite constants such that 

(10) 4>9,>-. 

Id 

Let L[x) > 1, X S Z"^, be i.i.d. random variables whose distribution is atom- 
less and satisfies 

(11) ^[^(0) >t]= Odt-'^ for all t > no. 
We define, for each t>l, the umbrella 

d 

Ut = [j Ui,t, 
1=1 

where 

Ui^t = {x £ [0, t]'^\xi = 0, and xj > for j / i}, i = 1, . . . ,d, 
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L^II.O 



L=6.l 



L=7.3 



L=3.6 



L=8.5 



Fig. 2. Water will follow the thick line if there are no umbrellas around larger than the 
ones shown. 



are the sides of the umbrella. Note that the umbrella Ut contains exactly 
those points in Z*^ through which one can enter the box [l,t]'^nZ'^ by moving 
one step in one of the directions ei, . . . , e^. 

We next provide an informal description of the construction of the an- 
cestral function a that captures our way of thinking. [The reader can safely 
defer this discussion until after the precise definitions given in (12)-(14).] 
Imagine the ancestral line as being given by rainwater that always follows a 
directed nearest-neighbor flow on Z"^. Rain is leaving each lattice point in all 
of the positive coordinate directions and is being deflected by the umbrellas 
y + Uii^y) , y G U^. The umbrellas will protect most of the points in the cubes 
y + [1, L{y)]'^ from the rain, as follows. Water that has reached a vertex x is 
blocked from flowing to x + ei by any umbrella whose side y + U^^n^y-) contains 
X. However, for every direction ei,...,erf, there is an umbrella whose side 
y + Ui^^y) 3 X blocks that direction. This "battle" is lost by the direction a 
for which the largest umbrella in x blocking that direction is smallest among 
all directions, and the water will flow in this direction. (See Figure 2 for an 
illustration in d = 2. Note that the topological duality present for d = 2 is 
absent for d > 3.) 

More precisely, we define, for all i = 1, . . . , d and all x G Z"', 



(12) 



Xi{x) = sup L(y), 
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which is the length of the largest umbrella whose i side passes through 
X. Since L(0) > 1 a.s., we have x £ x — ej + Ui^K^^-Cj) a.s., for each j ^ i. 
Consequently, the set on the right-hand side of (12) is nonempty and Aj(x) 
is greater than 1. The following lemma implies that Aj(x) is also a.s. finite. 

Lemma 4. There is a constant C3, such that for all i £ {1, . . . ,d} and all 
t > no, 

(13) F[Xi{0)>t]<C3t-\ 

Proof. It suffices to show that (13) holds for t large. Let ti > uq be 
chosen large enough so that (1 — 9dt~'^Y Z^'' > 1/3 for t > ti. Set 

= {y£ Z'^l |y|oo = n,yi = 0, yj < for all j^i}. 

By the definition of Xi{x) and the independence of L{y),y G Z'^, one obtains 
for t>ti, that 

IP[Ai(0) <t] = F[L{y) < t for all y E -Ui,t] J] ^IHy) < n for all y G A"] 

n>t 

n>t 

> 3~^''/*~S->*'=^""' > 3-'=6*"' > 1 - C3t-i 
for appropriate constants C3 , . . . , cg . □ 

Since the distributions of \i{x) and L{x) are atomless, there is an a.s. 
unique I{x) G {1, . . . , d}, for which 

A/(^)(x) = min{Ai(x)|z = 1, . . . 

This defines a direction with the smallest "protecting" umbrellas. Any um- 
brella passing through x that is perpendicular to that direction will be pene- 
trated at that site, in the sense that water will flow from x in that direction. 
We now set, for 3; S Z"', 

(14) a{x)=x + eii^^). 

Note that since a is directed with 2: = 1, a is an ancestral function; this is 
the ancestral function we will use to demonstrate Theorem 2. The edges 
{x,a(x)}, X £ Z'^, that are "wetted by the rain" define a random forest of 
infinite trees that spans [as in Figure 1(b) for d = 2\. 

We still need to demonstrate the tail estimates and mixing properties 
in the statement of Theorem 2. As a first step, the next lemma bounds the 
probability that an umbrella, with side length at least t, has been penetrated 
at any given site. 
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Lemma 5. For some constant cj and a// i G {1, . . . , d}, t > hq and z € 

U^,t, 



(15) 



F[I{z)=i,L{0)>t] < c-jt' 



'2d+l 



Proof. Denote by Ai{z) the c-field generated by the random variables 
L(u), with Ui = Zi and Uj / Zj for ah j / i. Note that Ai{z), i = 1, . . . ,d, are 
independent. Moreover, Xi{z) is measurable with respect to Ai{z), and L(0) 
is measurable with respect to Ai{z) if z G C/j^„. Therefore, for i = 1, . . . ,d 

and z S Ui^n, 



¥[I{z)=i,L{0)>t]=K 



Xi{z) <minAj(z) Ai{z) 



:L(0) >i 



E 



]lF[Xi{z)<Xj{z)\A(z)];L{0)>t 



By (13) (for the first inequality), and by (11) and the independence of 
{L{x))x (for the second inequality), this is 

<E[{csX,{z)~y-';m >t]< cyt-^-^-i)--^, 

because L(0) > t implies Xi{z) > t. □ 



We can now demonstrate Theorem 2. 



Proof of Theorem 2. It remains to show that the ancestral function 
{a{x))x constructed above is polynomially mixing of order 1 and satisfies the 
bound in (3). Here, we demonstrate (3); the demonstration of polynomial 
mixing is deferred to Lemma A.l in the Appendix. (The lemma in fact deals 
with a slightly stronger notion of mixing.) 

We begin the proof of (3) by introducing some notation. Denote by 

Sl^ = {xeZ'^\m<x-l<n}, m,neZ, 

the slab bounded by the hyperplanes perpendicular to 1 and passing through 
ml and nl. (This slab is empty if m > n.) Also, set 

We define the random variables 

(16) M„ = sup{m G {no, . . . ,n}|3x G with L(x) > m}, n > 1, 

where we set M„ = no — 1 if the set in (16) is empty. 
We will show that 

(17) ¥[h{0)>m,Mn = m]<csn~'^, m = no - 1, . . . ,n. 
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This implies 



P[/i(0) >n]< J2 P[HO) >m,Mn = m]< cg 

m=no — 1 



n '^+1, 



from which (3) fohows. The proof of (17) is divided into the degenerate case, 
m = no — 1, and the general case, m = no, . . . , n, which involves considerably 
more work. 

We first consider the case m = no — 1 . Then, there is no umbrella y + f/i,{y) , 
with no < \y\ < n, that protects the origin. Therefore, 

P[^(0) >m,M„ = no-l] 

<P[A/„ = no-l] 

= P[for all m = no, . . . , n and y G SZm'~ , L{y) < m] 

m=no ^ "^'^ ^ m=no ^ "^"^ ^ 

Since (1 — x~^)^ < for x>l, the last expression is, by (10) and (11), at 
most 



(18) exp 



l-d'^ J2 m'A <exp(-d'^ rx-^dx) < cion"^ 

\ m=no / \ Jno J 



for appropriate ciq. This implies (17) for m = no — 1 if one takes cg > ciq. 

We now demonstrate (17) for the general case m = no,...,n. We will 
employ the events 

A^{x, r) = {L{y) < -y ■ I + r for all y e Sl^n {x - N^)}, 

m,n,r ^IjjX ^ Z'^. 

Since the proof is long, we break it into three parts. The first part consists 
of showing 

P[/i(0) > m,M„ = m] 

(19) 

a 

< ^ E #{x G SZ^^\h{x) > m}; L(0) > m; A;^l^ { 

s=l L 

In the next part, we will decouple the events that appear in this expectation, 
whose probabilities we will then compute. 

To prove (19), first note that by definition (16), 

P[/i(0) > m, Mn = m] 

= P[h{Q) > m, L{x) > m for some x G SZm'~ , 





m 




( 




es,rnj 
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L{y) <-y-l for all y G S'^" ^' 
< ^HO)>m,L{x)>m,AZn~\OA 

By stationarity, this equals 

^ P[/i(-x) > m, L(0) > m, m)] 



^ P[/i(x) >m,L(0) > 



<E E F[^(a;)>m,L(0)>m,A-i_„(x,m)]. 



X s — \X\i, 



Observe that {m/d)es < a; coordinatewise whenever x € 5"^^'"^ and = |x|oo- 
For such X, [m/dje^ — N'^ C x — N'^. (See Figure 3 for an illustration.) Con- 
sequently, the above double sum is at most 



— 1^1 oo 



m 
7 



es,m 



which yields (19). 

We next perform the decoupling previously mentioned, which leads to 
(21) below. If X S S^'~^ and h{x) > m, then Tree(x) is not contained in the 
cube [l,m]'^ (see Figure 3). That is, Tree(x) must possess at least one branch 
that penetrates the umbrella Um that "protects" the cube. Consequently, 

#{xG5™'+|Mx)>m}<#f U Ray(z)n5™'+) 

d 

In the last step, we used the fact that rays are directed (in the direction 1) 
and therefore can intersect the hyperplane at exactly one site. Substi- 
tuting this into (19) yields 

F[h{0)>m,Mn = m] 

(20) 

d d r 

^EE E IP /(^)=^,^0)>m,A-iJ 

s=li=l zeUi^m 





m 




( 




es,irL^ 
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Fig. 3. The dark region ([m/djei — N"^) n is always included in the lightly shaded 

region {x — N'') D S^-nJ regardless of where x is located on the bold line. The condition 
h(x) > m implies that Tree(a;) extends past the box on whose diagonal x is located. 



To get (17), we would like the first two events inside the last probability 
to be independent of A^_,i^{l'm/d\es,m). Unfortunately, this is not quite 
true, but will be true if we replace it by the larger event B^^_,^{lm/ d\es , m) , 
where 



b: 



X[m/d\es,m) 
= \ L{y) < m - 



for all y e ( n 



m 
~d 



d 

U{^ 



Zj} 



Indeed, for z G Ui^m, I{z) and L(0) are measurable with respect to the u-field 
generated by the random variables L[x), where x has at least one coordinate 
in common with z, whereas i?~L„([m/(iJes,m) is independent of L{x) for 
such X. Therefore, we obtain 



P[/i(0) >m,Mn = m] 

(21) 



TREES AND RANDOM WALKS IN RANDOM ENVIRONMENTS 



13 



<J2 F[/(z) = i,L(0)>m]P[i?-i„„(LW^Je„m)]. 

S,i=l zeUi^m 

As the last step in showing (17), we bound the probabihties that appear on 
the right-hand side of (21). By Lemma 5, (11) and independence of {L{x))x, 
the right-hand side of (21) is at most 



(22) 



S,i=l zeUi^rn 



-2d+l 



0^ \#iiSZt^ilm/d\es-N'i))\\J''^^^{x\x,=z,}) 



where we have dropped the factor for k = l. 

We proceed to simphfy (22) by estimating the cardinahty of the sets in 
the exponent of the above product. For all m > 1, A: > 2 and s = 1, . . . ,d, 



m 
~d 



(9) 

es - N'^ ) ) > 7d 



m 
~d 



171 + (k — l)d 
d 



[For the first inequality, note that the set on the left-hand side consists of 
those z with z < [m/d\es coordinatewise and d{z, [m/djcs) = [m/d\ + 
k.] Similarly, 



m 
7 



e, - N'^ ) n y {x\xj = Zj}j <cn( — + k 



d-2 



The expression in (22) is consequently at most 



(23) 



s,i=l z&Ui 



k=2 



d{m+kY-'^ /da 



n 1 



k>2 



(m + kY, 

cii(m/d+fc)''-2 



{m + kY 



One easily checks that the infinite product in (23) is less than a constant 
independent of m because of the difference of 2 in the exponents d and d — 2 
oik. [Recall that Od < {m + kY for > 2, by (10).] Applying (l-x"^)^ < e"^ 
for X > 1 to the terms of the finite product, the right-hand side of (23) is at 
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most 

/ n—m ^ 

d'(#f/l,„^)cl2m-2'^+lexp -d i^ + k)-^ 



k=2 



<ci3m'^-im-2'^+iexp -(i 



k=m+2 / 

d 



< cism '^expl — d / t ^ ) = C13 [ ^ ) n < cun' 
\ Jm+2 J \ m J 



-d 



This bounds P[/i(0) > m^Mn = m] for m = hq, . . . ,n. Together with (18), 
this completes the proof of (17) if one chooses cg = max(ci4, cio). □ 



3. Pruning and insulating trees. For the remainder of the paper, we will 
consider arbitrary ancestral functions {a{x))^^^d that satisfy the statement 
of Theorem 2. Eventually, when studying mixing properties (in the proof of 
Theorem 3 and in the Appendix), we will need to use the explicit construc- 
tion of ancestral functions provided in Section 2. 

In this section we prune the trees constructed in Theorem 2, with an eye 
toward the construction of an environment for the RWRE. This will allow 
us to build wide enough channels to trap the random walker and direct it in 
certain chosen directions. Throughout the remainder of the paper, we will 
assume d>3 and employ a constant /? that satisfies 

(24) °<^<^- 

(This bound is needed for the construction of the environment. To guarantee 
its mixing properties, we will eventually take /? small enough so that the 
conclusion of Lemma A. 5 in the Appendix holds.) 

For each y G Z*^, we consider the ball B{y,h{y)^), where h is defined in 
(1). (Such balls will serve as the "insulation" alluded to in the Introduction.) 
Any given x G Z*^ may be covered by a number of balls: we set 

(25) H{x) = snp{h{y)\x G B{y, h{y)^)}. 
We first estimate the tail behavior of H{0). 

Lemma 6. For appropriate cn, 

(26) lim sup n(^"^)'^-^P[i? (0) > n] < C17 < 00. 

n— »oo 

Proof. For t = n^ chosen large enough, 

¥[H{Of >t]= P[0 G B{y, h{yf) and h{yf > t, for some y G if] 
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< E E nh{yf>myt\ 

m>0 \y\=m 

< P[/i(0) > i^/^] + E IP[^(0)>m^/^]. 

\y\<\t\ m>\t\\y\=m 

By (3) of Theorem 2, this is 

m>lt\ 

for appropriate Ci5,ci6,ci7, since d — 1 > (3d hy (24). This implies (26). □ 

Recall that Theorem 2 guarantees the existence of a directed stationary 
forest with certain specific properties. By relabeling the coordinate axes, 
we can choose the directions in which the rays of this forest grow, that 
is, we can specify z G {il}'' such that, for each x G Z'^, a{x) — x G {ziei\i = 
1,. . . ,d}. We may therefore assume that there exist, on the same probability 
space, two independent directed forests, Fi = {{x,ai{x)}\x G Z'^}, i = 1,2, 
with ancestral functions a-j, such that ai{x) — x = ej for some j = 1, . . . ,d and 
a2{x) — X = —ej for some j = 1, . . . ,d. These two forests "grow" in opposite 
directions 1 and — 1 . We define the corresponding functions hi and Hi in the 
same way as above, using their respective forests Fi. 

We proceed to "prune" the trees in both forests in such a way that each 
pruned forest will consist solely of infinite trees, and these forests will be 
"well separated." (The forests will no longer span Z"'.) To this end, we 
define, for (i,i) = (1, 2), (2, 1), 

fi = {x£Z'^\hi{x)>Hj{y) ioi yeB{x,hiixf)}. 

We prune the original forests Fi by removing the vertices Z'^\Tj. This will 
split any tree in such a forest into a number of finite and at most one infinite 
piece. After removing the finite branches, we are left with the set of (a priori, 
possibly empty) directed infinite pruned trees 

Ti = {xe Ti|a^(x) G fi for all n > 0}. 

So that the transition probabilities we are going to construct are uniformly 
elliptic, we insulate the forests Tj by defining, for i = 1,2, 

(27) Bi= [j B{x,hi{xf). 

The next proposition shows that the sets Bi and B2 are disjoint and not 
empty. 
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Proposition 7. The sets Bi and B2 are a.s. disjoint. There exist a.s. 
Ni ^N, i = 1, 2, such that a"(0) G Tj for all n> Ni. In particular, Bi / 
a.s. 



Proof. To prove the disjointness of Bi and B2, assume instead that x G 
Bi n B2. Then there exist xi G Ti and X2 G T2 so that x G B{xi, hi{xi)^) for 
i = l,2. Since x G /ii(xi)^), one has Hi{x) > hi{xi). Moreover, since 

X2 G T2 and x G B{x2,h2{x2)^), one has Hi{x) < h2{x2) by the definition 
of T2. Consequently, h2{x2) > hi{xi). Analogously, one obtains hi{xi) > 
^2(3^2)1 which is a contradiction and proves BinB2 = 0. 

We will next show that 

(28) limsup/c(^~^'^)'^~¥K(0) ^ Tj for some n>k]< 00, i = 1,2, 

which implies the second claim since, by (24), (1 — 2/3)d — 2 > 0. To demon- 
strate (28), let A: > and {i,j) = (1,2) or (i,j) = (2, 1). Then 

P[a['(0) ^ fi for some n>k] 

(29) < J2 nHj{y) > h,{anO)) for some y G B{af{0),h{anO)f)] 



n>k 



n>k 



^ F[H,{y) > h,{anO))\a{aiix),xGZ'')] 



The number of terms in the inner sum is bounded above by cis{hi{af (0))^'^ 
for appropriate cig. Moreover, Hj is measurable with respect to a{aj{x),x G 
Z'^), which is independent of a{ai{x),x G Z,'^). Hence, we can use Lemma 6 
to estimate each such term from above and obtain that (29) is at most 



^ E[ci9/i.(a^(0))i-(i-2/^)'^] < ^ cign^ 



l_(l_2/3)d 

n>k n>k 



for appropriate cig, since /ij(a"(0)) > n. Since 1 — (1 — 2/3)(i < —1 by (24), 
inequality (28) follows. □ 



Since they are subsets of Fi, the sets Hj = {{x,ai{x))\x G Tj}, z = 1,2, are 
also forests. By Proposition 7, they almost surely contain infinite rays that 
point in opposite directions and they do not have any vertices in common. 
Moreover, the set of immediate ancestors of vertices in T, is contained in 
Bi, because, for any x G Tj, hi{x) > 1 [since Hj{x) > 0] and hence aj(x) G 
B{x,hi{x)^). Consequently, no vertex in Hi is connected to a vertex in 112 
and so IIi U 112 is also a forest (although it does not span ah of Z"^). With 
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a slight abuse of notation, we say that the ancestral function of Hi U 112 is 
given by 



(30) a{x) 
where a(x) is defined only for j; G Ti U T2. 



ai{x), 
a2ix), 



if xGTi, 
if X G T2, 



4. Geometry of insulated rays. In this section we introduce terminology 
and provide estimates that we will need when we analyze the RWRE environ- 
ment in Sections 5 and 6. For i = l,2, let OT, = {z £ Ti\z 7^ a{x) for all x G 
Tj} denote the set of leaves of the infinite pruned tree Tj. By (27), 



zedTin>0 



1,2. 



Instead of Bi, we will work with the somewhat simpler sets (see Figure 4) 
(31) 



where 

(32) 



Ci= [J InsRay(^ 



InsRay(z) = |J 5(a"(z), 

n>0 



is the insulated ray emanating from z G OTj. [Since dTi and dT2 are disjoint, 
there is no need to index InsRay(2;) or Ray(z) with i.] Because ^i(a"(z)) > n, 
Ci^Bi. In particular, since Bi and B2 are disjoint by Proposition 7, so are 
Ci and C2. 




Fig. 4. d is shaded and InsRay(2:) is darkly shaded. 
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For z € (9Ti U and x G Z'^, we define two quantities u^ix) and Vz{x\ 
each measuring the "effective" insulation at x in a slightly different way. We 
set 

(33) n^(x) = (i(x,InsRay(z)'^) and 1)^(3;) = sup(n^ — |x — a"'(2:)|). 

n>0 

One can check that 

(34) Vz[x) < supd{x,B{a''{z),n'^f)<Uzix). 

n>0 

Also, let nz{x) be the largest value of n at which the supremum in (33) is 
attained, that is, 

(35) nz{x) = max{n > : n'^ — \x — a^{z)\ = Vz{x)}. 
Since Uz{x) < 00 and f] < 1, nz{x) < 00, a.s. Also, 

(36) \vz{x)-Vz{x + e)\<l 
for all x, e G Z'^ with |e| = 1; this follows from 

Vz{x) = nz{x)'^ -\x- a""(^)(z)| 

<nz{xy - |3; + e-a""(''^(z)| + |e| 
< Vz{x + e) + 1. 

We will need the following estimates that involve Uz{x) and x — z in 
Sections 5 and 6. 

Lemma 8. For appropriate C20, all z £ dTi, i = l,2, and all x £ InsRay(z), 

(37) \x-z\<2Hi{x) 
and 

(38) Uz{x)<C2o{{-iy+\x-z)-lf. 
Consequently, for appropriate C21, 

(39) u,ix)<C2iH,{xf. 

Proof. Inequality (39) follows from (37) and (38). For the proof of (37), 
recall that since x G InsRay(z) for z G dTi, \x — a^{z)\ < for some m > 0; 
in particular, Hi{x) > hi{a'^{z)) > m. Therefore, 

\x-z\<\x- a™(z)| + |a™(z) - z| < + m < 2m < 2Hi{x). 

The argument for (38) is longer. Set n = (— l)*"'~^(x — z) ■ 1; n > since 
Ray(2;) is directed. Moreover, we may assume n>l, because n = implies 
that x = z, in which case Uz{x) = and (38) is trivial. 



TREES AND RANDOM WALKS IN RANDOM ENVIRONMENTS 



19 



We introduce a vector u; 7^ 0, as follows. For x ^ Ray(z), one has x / 
a" (2), in which case we set w = x — a^{z). Then 

wl = {x-z)-l + {z- a"(z)) • 1 = (-iy+^(n - n) = 0, 

since {z — {z)) ■ \ = (— l)*n. For x S Ray(z), one has x = a"(z); we then 
set tt; = ei — 62 7^ 0, which is also orthogonal to 1. 
We choose C20 large enough so that 

(40) C22 = ((c2o - 2)d-2)i//3 satisfies 622^(022 - 1) > 

and set 



y = x + 



C20?^'- 



w ■ 



a 



z) +\l{xi Ray(2;)} + 



C20T^^ 

\w\ 



w. 



To demonstrate (38), it is enough to show y ^ InsRay(2:), since then Uz{x) < 
\x -y\< C2onl^. 

We argue by contradiction and assume that y € InsRay(2;). We will show 
that there exists an m such that both 



(41) 
and 

(42) 



m < 



m > 022". 

/C22\^^V(l-/3) 
VC22 - 1 



must hold. This is not possible because of our choice of C22 in (40) and n > 1. 
We choose m > so that 



(43) 



> \y 



a 



a"(z) - a'^iz) + l{x ^ Ray(z)} + 



£20"-^ 






^ w 


\w\ 





and show that m satisfies (41) and (42). Since Ray(2:) is directed, the co- 
ordinates of a'^{z) — a'^{z) all have the same sign. On the other hand, 
\wj\ >d~^\w\ must hold for at least one of the coordinates wj of w. There is 
also at least one other coordinate Wk of w with sign opposite to that of Wj 
and with > because w-l = 0. Therefore, either wj or has sign 

that is the opposite of that of the corresponding coordinate of a^{z) — a™(z) 
and has absolute value at least So, by (43), 



> 



l{x ^ Ray(z)} + 

/3 



\W\ 



d~''^\w\ 



\w\ 

> (C20 - 2)d' 



l{x e Ray(z)} ]d 



w 
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Because of our choice of C22 in (40), this imphes (41). 

We still need to show (42), which we do by bounding \y — a^{z)\ from 
below. One has the string of inequalities 

\y-a^{z)\>\y-a^{z)\2 

>|(y-a-(z))-r|/Vd 

= \{a''{z)-a'^{z))-l\/Vd 

= \m — n\/^fd 

> (1 - l/c22)m/^/d, 

where the second inequality follows from Cauchy-Schwarz and the last in- 
equality follows from (41) and C22 > 1- Along with (43) this implies (42) and 
completes the proof of (38). □ 

5. Environment attached to an insulated ray. In this section we con- 
struct, for every insulated ray InsRay(2;), z G OTi U OT2, a uniformly elliptic 
environment that forever traps the walk inside InsRay(z) with positive 
probability. This is achieved by both "pushing" the walk toward Ray(2;) and 
in a direction parallel to Ray(2;) in which InsRay(z) widens. Proposition 7 
is the main result of the section; most of the work is done in Lemmas 10 
and 11. 

These two directions are determined as follows, for any x G InsRay(2:). 
The parallel motion of the walk consists of jumping from x to x + r^(x), 
where 

(44) r,{x) = a"-(^)+^(z) - a'"-(^)(z) 

and nz{x) is given by (35). To define the second direction Sz{x), note that 
since 

(45) xGRay(z) iff x = a"^(^')(2), 

there exists, for any x ^ Ray(z), a (deterministically chosen) unit vector 
Sz{x) G IJ^ so that 

(46) \x + Sz{x)- a"^(^)(z)| = \x- a"^(^)(z)| - 1; 

moving from x to x + s^(x) takes the walk closer to a"^(^'*(z). For x G 
Ray (2;), the choice of the unit vector ^^(x) is arbitrary. (See Figure 5 for an 
illustration of both motions, for z G i?i.) 
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x+s^(x) ol'Hz) 



U'(z)+r,(x) 



2 Ray(z) 

Fig. 5. 

For z G dTi U dT2, we define the environment uj^ attached to Ray(2;) by 
setting, for e G Z"^ with |e| = 1, 



(47) uj''{x,x + e) 



'3 1 'i-e^{r^{x),s,{x)} 

if X G InsRay(2:), 
^ — , if X ^ InsRay(2:). 



That is, when x G InsRay(z), the walk moves with probabilities 3/4 and 1/5 
in the directions rz{x) and respectively (if the directions are differ- 

ent), and uniformly chooses one of the other directions with the remaining 
probability; when x ^ InsRay(z), the motion of the walk is symmetric. 

The environment G $7 is uniformly elliptic since for x,e G Z'^, with 
|e| = 1, and for k = (20(2d - 

(48) uj''{x,x + e)>K. 

As mentioned in the beginning of the section, uj^ has been constructed so 
that, for Xq G InsRay(2:), 

= inf{n >0:Xn^ InsRay(z)} 

is infinite with positive probability. For the proof of this we need to distin- 
guish when the walk is and is not on Ray(z). To this end, we introduce a 
sequence of stopping times defined by tq = and 

Tn+i = mi{k > Tn\Xk G Ray(2;)}, n > 0. 

We will employ two martingale estimates in Lemma 10. Both use Azuma's 
inequality [1], a version of which we recall in Lemma 9. 
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Lemma 9 (Azuma's inequality). For every 61,62 G (0, 00), there exist 
^3; ^4; ^5 G (0,00) so that the following holds. If {Yn)n>Q is a sequence of 
random variables on a probability space with measure P and expectation E, 
and T is a (possibly infinite) stopping time w.r.t. that sequence such that 
P-a.s., Yq = 0, \Yn+i — Yn\ < hi and 

(49) E\Yn+i — Yn\a{Yrn-,m <n)\>h2 on the event {n < t} , 
then 

P[Yn < bsn, n < r] < 64e"^5" for all n>0. 
Lemma 10 will be used in the proof of Lemma 11. 

Lemma 10. For appropriate 023,024 and C25, and all i G {l,2},z G dTi, 
X G InsRay(2:) and n>0, P-a.s., 

(50) [(_ 1)^+1 (X„ -x) • r< C23n,r, > n] < 0246-^^^" 
and 

(51) Pjj; [T, = n< Ti] < C24e-'=25("^(^)''"). 

Roughly speaking, (50) says that the speed of the walk is bounded be- 
low in the direction (— 1)*"^^!, as long as the walk remains in InsRay(z), 
whereas (51) bounds the probability of leaving InsRay(z)\ Ray(z) through 
the boundary of InsRay(z). 

Proof of Lemma 10. Set = (^{Xk, k<n). To demonstrate (50), it 
suffices to verify that Y-a = (— 1)*"'"^(X„ — x) • 1 satisfies the assumptions of 
Azuma's inequality. Lemma 9, with P = P^z and t = Tz. Except for (49), 
all assumptions are obviously satisfied, with 61 = 1. The bound (49) is also 
satisfied since, on the event {Tj > n}, 

EZ4{-iy^\Xn+l-Xn)-l\J'n] 

(52) = (-l)^+V(X„,X„ + e)e-r 

egZ<i,|e|=l 

> (-1)^+1 |r,(X„)-l- ^ a;-(x„,X„ + e) = f-i>0. 

We now demonstrate (51). Since (X„)„ is a nearest-neighbor walk, > 
Uz{x) and so the statement is trivial for n < Uz{x). Set Yn = Vz{Xn) — Vz{x). 
For n > Uz{x) on {Tz = n < ti}, X„ ^ InsRay(2:), and so by (34), Yn < 

Uz{Xn)=0. 



TREES AND RANDOM WALKS IN RANDOM ENVIRONMENTS 23 

We first consider x G InsRay(z)\ Ray(2;). For (51) it suffices to check (49) 
in Azuma's inequality, with t = ti f\Tz and P = P^z , since the other assump- 
tions are obviously satisfied. For this we consider y G InsRay(z)\ Ray(2;) and 
estimate the value of Vz at the nearest neighbors of y in terms of Vz{y)- For 
the increment rz{y), 

(33) « , , , 

vz{y + rz{y)) > {nz{y) + lf -\y + Tz[y)-a^-~^y^+\z)\ 

(44) 

> nz{yf -\y-a^^^y\z)\=vz{y). 

Therefore, moving from y to y + rz{y), which occurs in the environment lv^ 
with probability at least 3/4, does not decrease Vz- Similarly, 

Vz{y + sM) > riziyf -\y + sz{y)-a''^^y>{z)\ 

^> ^ riziyf - i\y - a"^(^)(z)| - 1) = vz{y) + 1; 

since a walker at y moves with probability at least 1/5 to y + Sz, Vz increases 
by 1 with probability at least 1/5. With probability 1/20, the walker moves 
to one of its other neighbors; when doing so, Vz can decrease by at most 1 
due to (36). Therefore, 

(53) [Yn+i - YnlJ'n] > 1/5 - 1/20 > 

for any n > on the event {n < ri A T^}, which implies (49) and hence (51) 
for X G InsRay(z)\ Ray(z). 

On the other hand, for x G Ray(2:) and n = 0, (51) is trivial. For x G Ray(z) 
and n > 0, 

PJ. [Tz = n< n] = y)P'^ [Tz = n-1< n] 

y(^Z'i\RMz):\x-y\=l 

and we can apply the bound (51) already proved for y G InsRay(z)\ Ray(z) 
to obtain (51) in this case, with a new choice of C24. □ 

Inequality (55) is the main result we will need for the proof of Proposition 
12. It follows quickly from (54), which is an analog of (51), but without the 
restriction on not hitting Ray(z) before exiting InsRay(z). 

Lemma 11. For appropriate C2q, C27, C2s o,nd C29, and all i G {l,2},z G 
dTi, X G InsRay(z), and n>0, 

(54) P^. [Tz = n]< C26e-'^^^("^(^)''''^), P-a.s. 
and 

(55) EZ.[Tz;n< < 00] < C28e-'^2«("^(^)'^"''\ P-a.s. 
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Proof. By symmetry, we may assume i = l. We will demonstrate (54) 
by a union bound with four events. Choose /c„ so that r^^ < n < rfc„+i and 
set ^„ = (x — z) • 1 + C23n, where C23 is as in Lemma 10. Since x G InsRay(z), 
^ri > 0. One can then check that 

P54Tz = n]<l + ll + m + W, 

where 

l = P^4iXn-x)-l< C23n, T, = n], 

II = p;4T, = n<n], 

III = P^. [n <T, = n,n-Tk„> /2] , 

IV = P^. [{Xn -x)-l> C23n, Ti<T, = n,n- Tk„ < /2] . 

In words, the event in I occurs when, by the time n at which the walk exits 
InsRay(2;), it has not moved to a much wider part of InsRay(2:). The event 
in II occurs when, by that time n, the walk has not hit Ray(z). The event 
in III occurs when, by that time n, the walk has hit Ray(2;), but the elapsed 
time since last visiting Ray(2:) is large. The event in IV occurs when, by that 
time n, the walk has hit Ray(2;), the elapsed time since last visiting Ray(z) 
is not large and the walk has moved to a much wider part of InsRay(2;). 

We will show that each of these four terms has an upper bound of the form 
in (54). The bounds for I and II follow directly from Lemma 10, while those 
for III and IV require some additional work. For I, note that from (50) and 
Tz > Uz{x), it follows that I < C24e~'^2^^"'=^^^^"\ which is a stronger bound 
than required. The same is true for the estimate of II provided by (51). We 
next bound III. Since is the time of the /cth visit to Ray(2;), > A; for all 

> 0. It follows from this and the Markov property that 

n L"-en/2j 

III = E E P^Ark = l<Tz = n<Tk+i] 

k=l l=k 

= E E K.[P^.^[Tz = n-l<Ti]-Tk = l<Tz\ 
k=l l=k 

(51) " L'^-?n/2j 

< E E K4c24e-'''^^-'^;r, = l<Tz] 

k=l l=k 

< C24e-'=^^«"/2E^-4TA:<r,] 

k=l 

< C24ne-'^25«(?/2 



TREES AND RANDOM WALKS IN RANDOM ENVIRONMENTS 25 

for appropriate C26, £27,030, where the next to last inequahty in (56) follows 
from the elementary observation that for all a,7,(5 > there exists t] > 
such that for all s,t>0, 

(57) re-^(''+*)' <r/e-^(''+*)'/2. 

We demonstrate IV = by showing that the corresponding event cannot 
occur. We argue by contradiction; on the event in IV, 

(34) (36) 

(58) = Uz{XtJ > Vz{XtJ > Vz{XrJ-{n~nJ. 

Since ri < n, we have A;„ > 1 and therefore X^^^ G Ray(z). Because of (45), 
Xr,,^ = a"^{z), where m = nziXr,,^) = (^r^^ — z) -1. So, on the event con- 
sidered in IV, 

Vz{X^j'^^ = {Xr,^-z).l 

= {Xr,^^ - Xn) ■l + {Xn-x)-l + ix-z)-l 

Substituting this into (58) and using n — Tk„ <^n/'2, we get 

> (Cn - e^/2)^ - /2 > (e„ - u^f - = (2-^ - 2-i)ef > o, 

which is a contradiction, so, IV = and we have demonstrated (54). 

To obtain (55), note that the left-hand side equals J2i>n^^S='['^z = One 
can consider separately the cases Uz{x) < and Uz{x) > , in the latter 

case decomposing the sum into I < v}J^ and / > n^^. One can then obtain 
(55) from (54) and (57) by standard manipulation. □ 

In the next section we will patch together the different environments oj^ 
defined in (47). To do this, it will be useful to introduce some further ter- 
minology. Choose C31 > C21 V 1 large enough so that for all n > 1, 

(59) C28e-'=2«'=3i"/c2i < 

where C21 is chosen as in Lemma 8, C28 and C29 are chosen as in Lemma 11, 
and K is the ellipticity constant given in (48). For X G Z*^ and z G OTj, i = 1, 2, 
define 

Pz{x) = P^.[T,<cM^)l 
£z{x)=EZ.[Tz;Tz<c-Mx)], 

£T{^)=KATz\Tz<^]. 
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Note that 

(60) £z{x) > K for X E InsRay(2;) with d{x,lnsKay{zy) = 1, 

since for such x, P^z\Tz = 1] > and both C31 and Hi{x) are at least 1. 

Proposition 12 will be used in Section 6. The inequalities in the first line 
of (61) are elementary; the second line will follow from (55) of Lemma 11. 

Proposition 12. For all i e {1,2},2: e OTj and x G InsRay(z), 

K"^(-)<p,(x)<f,(x)<£:r(x), 

(61) 

Sr < (c28e-^^«"^(")) A {£z{x) +p,{x)), 
P-a.s., where C28 and C29 are given in Lemma 10. 

Proof. Choose a path of length Uz{x) from x to InsRay(z)'^. By (39), 
Uzix) < C3iHi{x). Therefore, following this path contributes at least proba- 
bility to the probability of the event {T^ < C3iHi{x)} , which implies 
the first inequality of the first line of (61). The other inequalities on this line 
are immediate from the definition of the quantities involved. 

The first part of the inequality in the second line of (61) follows from (55) 
of Lemma 11, applied to n = 0. The second part follows from 

(55) 

£r{x)-£,{x) = E:4T,;c3iHi{x)<T,<^] < c28e-'=^«('=^^^'(^»' 

(39) ^ , , , (59) , , 

< C28e-"2«"3i«3WMi < <p,(x), 

where the last step employs the first inequality in the first line of (61). □ 

6. Patching environments attached to insulated rays. In this section we 
prove Theorem 3 by constructing an appropriate random environment uj. 
The main idea behind the construction of uj is to choose, for any point 
X £ Ci, among all environments attached to insulated rays covering x, the 
one that "minimizes the probability of exiting the ray." To make this choice 
locally and thus not destroy the mixing properties inherited by the trees Tj 
we have constructed, a slight modification of this idea is actually needed. 
This is done by minimizing the expectations of exit times from the insulated 
rays (on the event they are finite). 

For X G Ci U C2, we set Z{x) = {z e dTi U (9T2|2; e LisRay(z)} and denote 
by z{x) a leaf z € 2{x) that minimizes £z{x). (We apply some arbitrary rule, 
e.g., lexicographic order, to break ties.) Using this, we define, for x,e € 
with |e| = 1, 

fr,^-. , , ^ ( uJ^^^Xx , X + e) , ifxGCiUC2, 

(62) uj(x,x + e) = < , „ \ ^ , 1 ^) 

^ ^ V > ; l(2(^)-^ otherwise, 
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where lo^ is given by (47) . Note that uj inherits the uniform ehipticity of the 
environments w^, with ehipticity constant k given above (48). Moreover, for 
X S Ci U C2 , we set 

£(x)=£^(^^){x), £:°°(x) =£:^^)(x) and v{^) = V z{x){x) ■ 

Because of (60), we wih find it useful to employ the stopping time 

cj = inf{n>0|f(X„)>K}. 

The next lemma is the reason for our choice of the environment lo in (62). 



Lemma 13. For all x G Ci U C2, the sequence (yn)n>o given by 
£{Xu/\n) is a supermartingale under with respect to the filtration T^, 
a{Xk,k <n), n > 0. 



Proof. Suppose x G Ci U C2. If £{x) > k, then £7 = and the statement 
is trivial. So, we can assume that £{x) < k. For y £ CiU C2 with £(y) < k, 

(61) 

£(.y) = £z{y){y) > £T[y){y)-Pz{y){y) 

= El^(y) [1 + (^.(y) - ^^Cy) < - Pz(y){y) 

> iTziyy,T.iy) < 00]] = E^,^, [£Z)iXl)] 

(61) 

> El^,J£,^^){X^)]. 

Because of £{y) < k and (60), (i(y, InsRay(2;(y))'^) > 1. Since the walk is 
nearest neighbor, this implies that Xi G InsRay(2:(y)) and, hence, by the 
definition of z{Xi), £z[y){Xi) > £z[Xi)iXi)- Therefore, 

(63) £iy) > El^,J£^^y)iX^)] > El^,J£^^^^^iX,)] Ey[£{X,)]. 

We need to show S2[y„+i|JP"„] < y„. For this, observe that on the event 
{a < n} £ trivially l^n+i = Yn, whereas on the event {a > n}, by the 
Markov property, 

E^[Yr,+i\J'n]=E^[£{Xn+l)\J'n]=E^"[£iX,)] ^T£iXn)=Yn. 

This completes the proof of the lemma. □ 



We now prove that with positive probability, the random walk (Xn) 
defined by the environment in (62) remains in Cj forever. 
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Proposition 14. For i = 1,2, there is ¥-a.s. some x G Ci, so that 

(64) P;[Xneaforn>0]>0. 

Proof. For i = 1,2, pick an arbitrary z £ dTi and set x = a'^{z) £ 
Ray(2;), where n is large enough so that 

(65) 0286-^23"'' < K 

for C28 and C29 chosen as in Lemma 11. By Proposition 12, 

, , (34) (65) 

(66) £:(x) < C28e-"2«"^w(^) < C28e-"2«" < k. 

We also require a lower bound on £{x). Since {Yn)n in Lemma 13 is a 
supermartingale under P^, 

£{x) = > EZ[Yn] > EZ[Yn;a< 00] = EZ{£{X„f,ny.a < cx)]. 

By Fatou, this implies 

£{x) > EZ[£iX,y,a< 00] > KP^[a < 00]. 

Together with (66), this implies P^[(7 = 00] > 0. On the other hand, by (60), 
on the event {a = 00}, one has d{Xn, Cf) > 1 for all n. Therefore, (64) holds. 
□ 

We now present the proof of Theorem 3. 

Proof of Theorem 3. Define uj as in (62), with /? satisfying (24). 
[Recall that P was used throughout the construction of uj, beginning with 
(25).] By construction, uj is stationary and is uniformly elliptic, with ellip- 
ticity constant at least k = (20(2(i— 1))""^. By Lemma A. 5 in the Appendix, 
one can choose /? > small enough so that uj is polynomially mixing. 

Let {Xn)n be the RWRE on this environment. We still need to verify that 
(7) is satisfied. By Proposition 14, with positive probability, (X„)„ remains 
forever in Q, i = 1, 2, if the RWRE starts at appropriate Xi £ Ci. Let Tc^ be 
the exit time of {Xn)n from Ci (which may be infinite). Since (52) remains 
valid with the environment uj^ replaced by uj, a repetition of the proof of 
(50) shows that 

PuK-^y^\Xn - Xi) ■l<C23n,Tc, >n]< 0246"^^^", i = 1,2. 



By Borel-Cantelli, this implies 



Xn £ Ci for all n, liminf ^ — > 

n-^oo n 2 

d 



>0, i = l,2. 



Since the origin communicates with any x S Z , one obtains (7). □ 
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7. Open problems. In this brief section, we mention several open prob- 
lems. The first involves random forests in TL^ built from ancestral functions 
and is motivated by the upper bound in Theorem 2. 

Open problem 1. What is the optimal constant c\ in the lower bound 
(2) of Theorem 1? 

There are several natural questions involving RWRE. 

Open problem 2. Does the statement of Theorem 3 continue to hold 
in d = 27 If it does, what are the mixing assumptions on the environment 
that imply the 0-1 law (6)? (Recall that the 0-1 law for i.i.d. environments 
is proved in [9].) 

As mentioned in the Introduction, the following question is still open. 

Open problem 3. Prove the 0-1 law (6) for i.i.d. uniformly elliptic 
environments, when d>3. 

APPENDIX 

We deferred the demonstration of mixing properties used in the paper 
to the Appendix; a weaker form of Lemma A.l was used in the proof of 
Theorem 2, and Lemma A. 5 was used in the proof of Theorem 3. Here, we 
demonstrate Lemmas A.l and A. 5, and the intermediate Lemmas A.2-A.4 
that are used in the proof of Lemma A. 5. 

We need to extend the notion of polynomial mixing that was introduced 
in Definition 1, by allowing the set G there to grow with s. We will employ 
the notation Mq introduced in (4). 

Definition A.l. Let 7>0, 0<z/<l and b = ib{x))^^^d be a collection 
of random variables on a common probability space. Then b is polynomially 
v-mixing [of order 7) if, for any fixed /U > 0, 

(A.l) sup sup cov(/, g)| < 00, 

where Bs = B{<d,^i\s\''). 

Note that polynomial mixing is the same as polynomial 0-mixing. 

Let ai = (ai(a;))xGZd ^'^d 02 = {a2{x)) r^i^j^d be two independent families 
of directed ancestral functions that have the same law as the function a 
constructed in Section 2, where for 02 the direction has been reversed, that 
is, each ej, j = I, . . . ,d, has been replaced by —ej. The quantities hi and Hi, 
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i = l,2, are defined analogously to h and H in (1) and (25) by using Oj; the 
quantities a and uj are given as before by (30) and (62). 

We will investigate the mixing properties of the above variables. Our 
strategy will be to first use i.i.d. random variables (-^^j(ic))a;eZ'^,iG{i,2} to 
construct a realization of the ancestral functions a^; this will allow us to 
conclude that the pair (01,02) is polynomially z^-mixing (Lemma A.l). We 
extend polynomial z^-mixing to the collection (oi, /ii, 02, /i2) (Lemma A. 2), 
then to the collections (oi, /ii, ffi, 02, /i2, -^^2) (Lemma A. 3) and {a,Hi,H2) 
(Lemma A. 4), and finally to the variables iuj{x))^^^d (Lemma A. 5). In each 
step, we will use the definitions and appropriate tail estimates to "localize" 
the random variables that are involved. The details depend on the specific 
random variables at each step. 

The proofs of all five lemmas employ the following elementary inequality: 
for any measurable functions /, g, f and g that are bounded in absolute value 
by 1, 

|cOv(/,g)| < |cOv(/,g)| + |cOv(/-/,5r)| + | COv(/, 5 - ^) | 

(A.2) 

<\cov{f,g)\+A{¥[f^f]+¥[g^g]). 

The first inequality in (A.2) is an immediate consequence of the bilinearity of 
the covariance function. Throughout this section, in addition to depending 
on P and d, all constants Cj are also allowed to depend on fi and v. 

Lemma A.l. For d>2 andO<i' <l/d, the collection {{ai,a2){x))^^id 
is polynomially -mixing of order \ — dv. 

Proof. We may assume that the ancestral functions oi and 02 have 
been defined by two independent families {Li{x))x and {L2{x))x of umbrella 
lengths. 

To prove that (oi, 02) is polynomially z^-mixing, we "localize" the variables 
flj and show that the localization does not cause damage. Let A* (x) denote 
the value of \j{x) that corresponds to the collection Lj as in (12). We set, 
for I = 1, 2, j = 1, . . . , d and s, x G l/, 

(A.3) \Y{x)= sup Li{y). 

j/eB(x,|s|/8) : xe3/+(-l)'+iC/j- 

The random variable X^ix) is the length of the largest umbrella whose j side 
passes through x and whose vertex y is contained in B(x, \s\/S). Let /*'*(x), 
i = 1,2, s, j; G Z'^, be the unique element oi {1, . . . ,d} for which 

= = 1, • • • ,4; 

this is the direction with the smallest "protecting" umbrellas. We now set 
di{x) = X + (— l)*"'"-^e/s,i(^); this corresponds to the definition of a{x) in Sec- 
tion 2. 
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Let {f,g) G Ai'y^'''^^ x M^y^^J^ [where the notation is the same as in (4)]. 
Let {f,g) denote the same functions for the cohection (01,02) instead of 
(01,02). To show that (A.l) holds, we use (A. 2) to compare cov{f,g) with 
GOV (7,5). 

We will show that cov{f,g) = for s chosen large enough so that 
|s| — diam(Bs) > \s\/2. To see this, set 



Bs= [j B 

y&Bs 



\s\ 



Bt= U B 



\s\ 



Then, for large s. 



d{Bs,Bt) > |s| -diam(5,) - |s|/4> |s|/4; 

in particular, Bg H Bf = 0. Since / depends on only those random vari- 
ables Li{x) with X £ Bg and since g depends on only Li{x) with x E B'^, it 
follows that / and g are independent and hence that cov(f,g) = 0. 

We next bound P[/ 7^ /]. The functions / and / can differ only if there 
is an i E {1,2}, a j E {1, . . . ,d} and an x £ Bg such that Aj'*(x) 7^ A*(x). In 
particular, for such i,j and x, A*(x) > |s|/8(f, since diam(^7/^i(a;)) ^ dLi{x). 
Consequently, by Lemma 4, for appropriate C32, 



2 d I 



IQfcsigBgl ,,_i 
S r- i Sc32|s| 



The same bound holds for F[g / g]. Together with (A. 2) and coY{f,g) = 0, 
this implies (A.l) with ^ = 1 — dv and hence the lemma. □ 

We extend polynomial i^-mixing from the pair (01,02) to the collection 

(0i,/li,02,/l2). 

Lemma A. 2. For d>2 and < u < 1/d, the collection ((oi,/ii,02, 
/i2)(a;))xGZ'' ^-^ polynomially v-mixing of order (1 — di^){d — l)/{2d — 1). 

Proof. Fix 6 = {1 + v{d - I))/ {2d - 1) and note that 5 > u because 
u < 1/d. For any G <Z'L^ and s £7J^, define the event 

(A.4) Ag{G)= n n {h^{x)<\s\'}. 

Also, set (o,/i) = (ai,/ii, 02,^12). By stationarity, ¥[Ag{Bg)] = ¥[Ag{Bs + s)], 
where Bg is as in Definition A.l. Hence, by (A. 2), for any (/,<?) E M^q^^ x 
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M 



{a,h) 



(A.5) 



cov(/,9)| < |cov(/l^^(6^),ffl^^(B^+,))| +4P[^(i3,)^]. 



To demonstrate that (a, h) is polynomially i/-mixing, we bound the two 
terms on the right-hand side of (A.5). 

To bound the first term, we apply Lemma A.l. For G Cl^'^, set 



To determine if hi{x) < |s| for x G G, it suffices to check whether all branches 
of Treej(a;) terminate within Ds{G). These events are measurable with re- 
spect to the ancestral functions Oj restricted to Ds{G) and, hence, are mea- 
surable with respect to Qs{G), so As{G) G Qs{G). Similarly, the random 
variables hi{x), x G G, are determined by Oj restricted to Ds{G). Therefore, 
setting G = Bs and G = Bg + s, respectively, it follows that f^A^iBs) 
g'^As(Bs+s) Qs{Bs)- and Qs{Bs + s)-measurable, respectively. It is easy to 
see that <l\am.{D s{B s)) = diiam.{Ds{Bs + s)) < C33|s|'' since 5> where C33 is 
allowed to depend on ^ but not on s, / or g. Consequently, by Lemma A.l, 
for appropriate C34, 



(A.6) |cOv(/l^^(e^),<7U{B.+s))l <C34k|-(^-''') =C34Nr('^-^)('-''\ 



where the last equality follows from the choice of 6. 

To bound P[^s(i3s)'^], we note that on As{BsY, there exist x £ Bg and 
i e {1,2} with hi{x) > \sf . For each x' £ Ray(x), hi{x') > hi{x) > \s\^ . More- 
over, Ray(a;) must intersect the boundary dBs of Bg at some point y; thus, 
on As{Bs)'^, hi{y) > \s\^ . Consequently, for appropriate C35, 



where (3) of Theorem 2 was used in the second inequality. Substitution of 
(A.6) and (A. 7) into (A.5) implies the lemma. □ 

We next strengthen the above lemma by including Hi. Recall that the 
definition of Hi in (25) depends on the parameter /5 G = (0, {d — 2)/2d). 

Lemma A. 3. For d>3, fixed < v < 1/d and all (3 > small enough, 
the collection {{ai,hi,Hi,a2,h2,H2){x))^^^d is polynomially v-mixing of or- 



gs{G) = cj{{a^{y),a2{y)),y£Dg{G)) 



where 



Ds{G) = {y£'L''\d{y,G)<\s\' + l}. 



(A.7) nAsiBsf] < 2(#95,)P[/ii(0) > l^l-^] < C35|s 



id-l)(S-u) 



der 7 = (1 - diy){d - l)/{2d - 1). 
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Proof. Assume that /3 G T^. We use {a,h,H) as shorthand notation 
for {ai,hi,Hi,a2,h2,H2). Let {f,g) G M^^^'"'^'^ x 7W^";+f ^ for s G Z'^. For 
i = 1,2 and x G Z'^, we set 

=sup{/ii(y)|xG < {sH, 

(A.8) 

= sup{/ii(y)|x G B{y, h,{yf),d{y, Bs + s)< \sn. 

The quantities Hi and -ff.^^ are "locahzed" versions of Hi, which was defined 
in (25)._ 

Let / be defined the same way as /, except that one uses the random 
variables {ai,hi,Hi,a2,h2,H2) instead of {a,h,H). Similarly, let g be de- 
fined the same way as g, except that one uses {ai,hi, H^ ,a2,h2, H2) in- 
stead of {a,h,H). Note that / (resp. g) is measurable with respect to 
the random variables {ai,hi,a2,h2){y) with \y\ < {fi + l)\s\'^ (resp. with 
|y — s| < (/X + Ijlsl'^). Therefore, by Lemma A. 2, 

(A. 9) sup sup cov(/,^)| < 00. 

To show that (A.l) holds, we use (A. 2) to compare cov{f,g) with cov{f,g). 
We still need to bound IP[/ / /] and F[g ^ g]. By the definition of / and /, 
f ^ f can only occur if there exist i,y and x with i G {1,2}, d{y,Bs) > \s\'^ 
and X G B{y,hi{y)^) n Bs- For such y and x, hi{y)^ > \y — x\ > \s\'^ and, 
therefore, Hi{x) > hi{y) > \s\'^^^ . Consequently, 

P[/ / /] < ^Hi{x) > \s\''/'^ for some x G 5, and « G {1,2}] 

(A.IO) 

for appropriate c^q. [We remind the reader that c-^q is allowed to depend on 
and u, but not on the specific choice of functions {f,g) G Al^j'*'^'* x 

-^bJ+s^^-] chosen small enough, the right-hand side of (A.IO) decays 

to with exponent larger than 7. An upper bound for ¥[g 7^ g] is obtained 
similarly. Together with (A. 9) and (A. 2), this completes the proof of the 
lemma. □ 

The next lemma shows that the triple {a. Hi, H2) is polynomially v- 
mixing. Since the ancestral function a was defined only on Ti U T2 [in (30)], 
we find it convenient to extend the definition, setting a{x) = A for some 
A^Z'^ and all x^TiUTz. 

Lemma A. 4. For d>3, (3 > small enough and all d <u < l/Sd, the 
collection {{a, Hi, H2){x)) ^^-^d is polynomially v-mixing of order 1/10. 
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Proof. Since polynomial zv-mixing is monotone in u, it suffices to show 



(a,Hi,H2) 



xM 



{a,Hi,H2) 
Bs+s 



the statement for u = l/8d. Let P Eld and fix {f,g) G A^g 
for s E Z*^. By the definition of a, / is a measurable function of the random 
variables {ai{x), Hi{x),lx£T^)i=i,2]xeBs ^iid 5 is a measurable function of 
{ai{x) , Hi{x) , lx^j^)i=i^2;xeBs+s- 

We proceed to "localize" the variables IxeTi', this will allow us to apply 
(A. 2) the same way as in the previous lemmas. For (i, j) = (1,2), (2, 1), set 



Si(x) 



n 



n 



{H,{y)<h,{anx))}. 



0<n<|s|6''yG-B(a^'(x),hi(a^(x))'3A|s|6'') 



Let / (resp. g) denote the same function as / (resp. g), except that the 
random variables IxeTi are replaced by is^ix)- Note that {x G Tj} C S'j(x), 
because one recovers the event {x G Tj} by altering the definition of Si{x) by 
removing the restriction n< \s\^'^ and not truncating the radius of the ball 
around a"(x) at \s\^'^ . The event Si{x) is local in the sense that Si{x) is an 
element of the u-field generated by {ai{y),hi{y), Hj{y)) with |y — 2;| <2|s|^'^. 
(The event {x G Tj}, of course, does not have this property.) Consequently, 
/ is measurable with respect to the cr-field generated by {ai{y), hi{y), Hi{y)), 
where d{y,Bs) < 2|s|^'^ and i G {1,2}. Similarly, g is measurable with respect 
to the fj-field generated by {ai{y),hi{y), Hi{y)), where d{y,Bs + s) < 2151^*^ 
and i G {1,2}. 

We use the localized functions / and g together with (A. 2) to prove 
polynomial i/-mixing. For small /?, Lemma A. 3 implies that for appropriate 

C37, 

|cOv(/,5)|<C37kr('"'''^)('"')/^'"~') 
-(d-l)/4(2d-l) 



(A.ll) 



= C37\S\ 
< C37\s\ 



-1/10 



where d > 3 is used in the last inequality. To estimate P[/ 7^ /] and 
we use {x G Tj} C Si{x) and translation invariance to obtain 



< 



U 5,(x)\{xGT,} 
ixeBs,i=l,2 




U U {H,{y)>h{anx))} 



(A.12) 



+ . 



0<n<\s\^" 
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i=l,2 



U K(o)^Ta 

n>|s|6'^ 



\y\<\s\^- ' 



< ggg|-|g|a!i.+6!.({2/3-l)d+2) _^ |^|6di/+6i/(l-d)//3^ 

for appropriate 033. The last inequality uses (28) and (3) of Theorem 2. 
For /3 > small enough, the second term in the right-hand side of (A. 12) 
decays faster than the first. The exponent of |,s| in the first term is — 5/8 + 
3(1 + (id)/ {2d), which is less than —1/10 for (i > 3 and /3 > small enough. 
Together with (A. 11) and (A. 2), this proves the lemma. □ 

We are finally ready to prove that the environment oo is polynomially 
mixing. This result is used in the proof of Theorem 3. 

Lemma A. 5. For d>3, with /? > and > both small enough, {uj{x))^^^d 
is polynomially u-mixing of order 1/13. 

Proof. Fix {f,g) G x For G C Z'^, denote by As{G) the 

event that Hi{x) < \s\^^^'^ for all x G G and z = 1,2. Set / = /Ias(Ss) ^^'^ 
9 = g^AsiBs+s)- By Lemma 6, 

FiAsiBsY] < 2(#i3,)ci7|s|(^-(i-^)'')/^''<C39|sr(''-')/'''+''"+^/' 

T C3,\s\-'/''+'"'+P/^ <Csg\s\-'/'-' 

for /3 > and v > small enough, and appropriate C39. So, to show poly- 
nomial z^-mixing of order 1/13, it suffices to bound the first term on the 
right-hand side of (A. 2). For this, we will show that / and g are measurable 
with respect to 7is{Bs) and 7is{Ss + s), respectively, where 

HsiG) = a{{a{x),Hi{x),H2{x)),d{x,G) < c^o\s\^/^'') 

and C40 = 4:dcsi, where C31 is as in (59). Since the arguments are the same, 
we will only do this for /. It will then follow from Lemma A. 4 that the 
first term in (A. 2) is bounded above by C4i|s|~^/^^ for appropriate C41 not 
dependent on f,g or s. 

We note that A,(G) e HsiG) for G C Z'^ and so A^iBs) G HsiBs). For 
G Cl^'^, write A/g for the set of functions that are measurable with respect 
to Hs (G) . Since it is assumed that / G -Mq^ , to show / G A/jg^ , it is clearly 
enough to show that for x £ Bg, 

(A.13) uj{x)1a4Bs)^^b.- 

That is, on the event As{Bs), lj{x) is a (measurable) function of the random 
variables that generate Ti.s{Bs)- 
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We first recall how uj{x) was constructed. Whether x € Ci, x £ C2 or 
neither holds is determined by Z{x). [Recall that z G 2{x) exactly when 
X G InsRay(z). For 2{x) 7^ 0, the direction of InsRay(z) for any z E 2{x) 
determines whether 2; G Ci or x € C2.] If 2{x) = 0, then the components 
of Lo{x) all equal l/2d. If Z{x) 7^ 0, with x £ Ci, one computes the random 
variables nz{y),rz{y) and Sz{y) for all z G 2{x) and y G B{x,C3iHi{x)) n 
InsRay(2;), with C31 as in (59). From these random variables, one determines 
the quantities uJ^{y) as in (47). One then computes £z{x), which one uses to 
determine z{x); one then sets uj{x) =uj^^^\x). 

To show (A. 13), we therefore proceed as follows. 

(a) We show that on As{I3s), for x G Bg, the random set 2{x) is a (mea- 
surable) function of the random variables that generate Ti.s{13s), that is, for 

Z G Z'^, lzeZ(x}^As(Bs) ^-^Bs- 

(b) We next show that on As{Bs), x G Bs<~^ Ci, z G Z(x) and y G B{x, 
C3i//j(3;)) n InsRay(z), the random variables nz{y),rz{y) and Sz{y) are func- 
tions of the random variables that generate 7is{Bs)- 

(c) Finally, we show that on As{Bs), x G Bs r\ Ci and z G Z{x), £z{x) is 
a function of the random variables that generate TCs{Bs)- 

The following inclusion, whose justification we defer to the end of the 
proof, is used for all three steps. For all x G Bg, z G Z{x) and y G B{x, 
C3i|s|i/S'^) nlnsRay(z), 

(A.14) {a"(z)|0<n<n,(2/)}C5(x,C4o|s|'/^'^/2) on As{Bs). 

In particular, (a) is an immediate consequence of (A.14) with y = x and the 
definition of InsRay(z). 

To see (b), first note that by (A.14), on As{Bs), the variables nz{y), 
a""'^y\z) and a"'^^^^^^ (z) are functions of the random variables that generate 
HsiBs). [The set 5(x,C4o|s|^/^'^/2) was enlarged to 5(a;, C4o|s|^/*'') to include 
Q,"z(y)+i in l-Ls{Bs)] Since rz{y) and Sz{y) are determined by a^^^y\z) and 
a"-(2^)+i(z), (b) follows. 

To see (c), recall that for x G Ci, £z{x) = E';^z[Tz;Tz < c^iHi^x)]. The 
RWRE is nearest neighbor and so, starting at x, will not escape B{x, C3i|s|^/^'^) 
by time C3i|s|^/^'^. On As{Bs), Hi{x) < \s\^/^'^. Consequently, on As{Bs), 
£z{x) is a function of uj^ on B{x,C3i\s\^/^'^) and of InsRay(z). By (A.14), 
(47) and (b), the claim in (c) holds. 

It only remains to show (A.14). First observe that on As{Bs), for any 
z G Z{x), 

\z-x\< \z-a'''^''\z)\ + \a"-^'=\z)-x\<nz{x)+nz{xf 

(A.15) 

< 27izix) < 2{Hi{x) V H2{x)) < 2|s|^/^'^. 
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The second inequality follows from the definitions of n^^x) and InsRay(z) 
in (35) and (32); the fourth inequality follows from the definition of H in 
(25) and the inclusion x £ B{a^^^^\z),nz{x)^). 

Since ^00(2;, 2c3i|s|^/*^'^) C S(x, C4o|s|^/^'^/2) and since the path a"'{z), 
n = 0, . . . ,nz{y), is directed, it suffices to show that both endpoints z and 
a'^-iy)(^z) are contained in Boo{x,2c3i\s\^^^'^). This holds for z because of 
(A. 15). For a"^(j^)(z), first note that 

nz{yf>\a'"'^''Hz)-y\ 

> \a'^''^y\z) — z\ — \z — x\ — \x — y\ 

>nM-i2 + C3i)\s\'/"'. 

The first inequality follows from the definition of InsRay(z); the last inequal- 
ity follows from (A. 15), since y € B{x,csi\s\^/^'^). Since /? < 1, this implies 
nz{y)^ < l^l^/^'^ for |s| large. Therefore, 

\a^^(.y){^z) - x\^ < |a"-(s^)(z) -x\< |a"-(s^)(z) -y\ + \y-x\< 2c3i\s\^/^'^ 

for \s\ large, where we used y £ InsRay(2:) in the last inequality. This demon- 
strates (A. 14) and completes the proof of the lemma. □ 

Remark. The only place where the explicit structure of the function 
a is used is in the proof of Lemma A.l. Given any ancestral functions a^, 
i = 1,2, that are directed in opposite directions and for which the conclusion 
of Lemma A.l holds. Lemmas A.2-A.5 will continue to hold. In particular, 
the environment ui that is constructed from such ai , 0,2 by using the pruning 
and insulation recipe leading up to (62) will be polynomially z/-mixing of 
order 1/13. 
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